Abstract. In this paper, we first prove the local two-weight Caccioppoli inequalities for solutions to the nonhomogeneous A-harmonic equation of the form d A(x, dω) = B(x, dω). Then, as applications of the local results, we prove the global two-weight Caccioppoli-type inequalities for these solutions on Riemannian manifolds.
Introduction and notation
The A-harmonic equation for differential forms has received much investigation in recent years. The A-harmonic equation is an important generalization of the p-harmonic equation in R n , p > 1, and the p-harmonic equation is a natural extension of the usual Laplace equation. Caccioppoli-type inequalities have been widely studied and frequently used in analysis and related fields, including partial differential equations and the theory of elasticity. Roughly speaking, these inequalities provide upper bounds for the L s -norm of ∇u if u is a function (0-form) or du if u is a form in terms of the L s -norm of the differential form u. Many mathematicians have made their contributions to this topic; see [6] , [7] , [9] , [13] , [14] . Different versions of the Caccioppoli-type inequality have been established in [1] , [3] , [12] , [15] for solutions of the homogeneous A-harmonic equation d A(x, dω) = 0 in a domain in R n . In this paper, we shall prove the Caccioppoli-type inequality for solutions of the nonhomogeneous A-harmonic equation d A(x, dω) = B(x, dω) on Riemannian manifolds on R n . Our main results are presented in Theorem 2.9 and Theorem 3.1, respectively. Each of them contains two weights and two parameters that make the inequalities more powerful and useful.
As usual, let e 1 , e 2 , · · · , e n denote the standard orthogonal basis of R n . Suppose that Λ l = Λ l (R n ) is the linear space of l-vectors, generated by the exterior products
l is a graded algebra with respect to the exterior products. For α = α I e I ∈ Λ and β = β I e I ∈ Λ, the inner product in Λ is given by α, β = α I β I with summation over all l-tuples I = (i 1 , i 2 , · · · , i l ) and all integers l = 0, 1, · · · , n. We define the Hodge star operator :
is a permutation of (1, · · · , n) and sign(π) is the signature of the permutation. The norm of α ∈ Λ is given by the formula |α| 2 = α, α = (α ∧ α) ∈ Λ 0 = R. The Hodge star is an isometric isomorphism on Λ with :
Throughout this paper, we always assume that M is a compact Riemannian manifold on R n ; see [10] for basic properties of a compact Riemannian manifold. Let Λ l M be the l-th exterior power of the cotangent bundle. We use D (M, Λ l ) to denote the space of all differential l-forms and
We denote the exterior derivative
We use B to denote a ball, and σB, σ > 0, is the ball with the same center as B and with diam(σB) = σdiam(B). For a measurable set E ⊂ R n , we write |E| for the n-dimensional Lebesgue measure of E.
where α is a real number. The nonhomogeneous A-harmonic equation for differential forms is a nonlinear elliptic equation of the form
for almost every x ∈ M and all ξ ∈ Λ l (R n ). Here a > 0 is a constant and 1 < p < ∞ is a fixed exponent associated with (1.1). A solution to (1.1) is an element of the Sobolev space W 
The local Caccioppoli-type inequalities
We first prove the following local Caccioppoli-type inequality for solutions to the nonhomogeneous A-harmonic equation. This will play an important role in this paper. 
Note the fact that |∇η| = |dη| and
2) and the Hölder inequality, we obtain
which is equivalent to
Thus, we have
It is clear that u − c is also a solution of (1.1) if u is a solution of (1.1) and c is any closed form. Therefore, from (2.5), we conclude that
We have completed the proof of Theorem 2.1. Definition 2.6. We say that a pair of weights (w 1 (x), w 2 (x)) satisfies the A r,λ (E)-condition in a set E ⊂ R n , and write (w 1 (x), w 2 (x)) ∈ A r,λ (E) for some λ ≥ 1 and 1 < r < ∞ with 1/r + 1/r = 1 if
The class of A r,λ (E)-weights (or the two-weight) appears in [11] . It is easy to see that the A r,λ (E)-weight is an extension of the usual A r -weight [8] and A r (λ)-weight [4] . See [2] and [5] for more applications of the two-weight. We need the following generalized Hölder inequality.
for any E ⊂ R n .
The following weak reverse Hölder inequality appears in [12] . Note that Theorem 2.9 contains two weights, w 1 (x) and w 2 (x), and two parameters, λ and α. These features make the Caccioppoli-type inequalities more flexible and more useful. The existing versions of the Caccioppoli-type inequality in [1] , [3] , and [12] are special cases of Theorem 2.9 with suitable choices of weights and parameters. For example, if we choose α = 1 in Theorem 2.9, we have the following corollary. 
Proof. Choose t = λs/(λ − α
which is a generalization of the usual A r -weights [8] .
It is easy to see that if we choose w 1 (x) = w 2 (x) and λ = 1 in Definition 2.6, we have
since r /r = 1/(r − 1). Thus, we see that the A r,λ (M )-weight reduces to the usual A r (M )-weight if w 1 (x) = w 2 (x) and λ = 1. Hence, setting w 1 (x) = w 2 (x) and λ = 1 in Theorem 2.9, we obtain the following local A r (M )-weighted Caccioppolitype estimate. Remark. We can obtain many interesting versions of the Caccioppoli-type inequality from different choices of weights and parameters α and λ. Considering the length of the paper, we can only list a few of them here.
The global two-weight Caccioppoli-type inequality
As applications of the local results, we prove the global A r,λ (M )-weighted Caccioppoli-type inequality on manifolds. 
for all closed forms c. Here α is any constant with 0 < α < λ.
Since M is compact, hence it is bounded. Thus, there exists a constant C 1 such that
Using (3.3) and Theorem 2.9, we have
Hence, (3.2) follows. The proof of Theorem 3.1 is complete.
Letting α = 1 in Theorem 3.1, we obtain the following corollary.
n . Assume that 1 < s < ∞ is a fixed exponent associated with the A-harmonic equation (1.1) and that (w 1 (x), w 2 (x)) ∈ A r,λ (M ) for some λ ≥ 1 and 1 < r < ∞. Then there exists a constant C, independent of u, such that
for all closed forms c.
Select w 1 = w 2 = w in Theorem 3.1 and λ = 1. We have the following A r (M )-weighted Caccioppoli-type inequality. fixed exponent associated with the A-harmonic equation (1.1) and that (w 1 (x), w 2 (x)) ∈ A r (M ) for some r, 1 < r < ∞. Then there exists a constant C, independent of u, such that
for all closed forms c. Here α is any constant with 0 < α < 1.
We shall obtain some desired versions of the Caccioppoli-type inequalities which have rich symmetric properties by different choices of weights and parameters in Theorem 3.1. For example, choosing α = 1/s and α = 1/r in Theorem 3.1, respectively, we have the following A r,λ (M )-weighted Caccioppoli-type inequalities: Similarly, let λ > 1 and set α = 1/λ. Then α = 1/λ < λ. From Theorem 3.1, we find that for λ > 1. Finally, setting α = 1 − t, 0 < t < 1, in Theorem 3.1, we obtain the following result. for all closed forms c and some real number t with 0 < t < 1, where the measure µ is defined by dµ = w(x)dx and w(x) ∈ A r (M ).
